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Subdivision schemes are used to interpolate data samples locally. By using temporary place-

holders on a dense grid, we improve one of the best known subdivision scheme (Deslauriers-

Dubuc). Interpolated values require 2 steps to stabilize as they are first interpolated on a coarse

scale through a tetradic filter and then on a finer scale using a dyadic filter. The interpolants areC1

and can be made to reproduce polynomials of degree 4 unlike regular subdivision schemes. These

generalized interpolatory subdivision schemes have minimal support and no additional memory

requirement.
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Introduction

Interpolatory subdivision schemes interpolate a discrete set of data points in a local manner,

that is, the value of the interpolation function at a given point depends on a small number of

nearby data points. The classical dyadic algorithm introduced by Deslauriers and Dubuc [5, 2]

finds the midpoint values by fitting a Lagrange polynomial through the 2N closest data points. By

repeating this algorithm again and again, each time doubling the number of data points or nodes by

midpoint interpolation, we eventually have a dense set of data points and can determine uniquely a

smooth interpolation function. Because interpolatory subdivision schemes relate data points from

one scale to another scale, it is not surprising that they are a key ingredient in the construction of

compactly supported wavelets [1, 3].

More recently, Merrien [10, 11, 6] introduced Hermite subdivision schemes. Since Merrien

subdivision schemes use Hermite nodes, they have twice the approximation order and better reg-

ularity for a given support. For example, 2−point Hermite schemes are differentiable and can

reproduce quadratic or cubic polynomials whereas the corresponding 2−point Deslauriers-Dubuc

scheme (the linear spline) isn’t differentiable and only reproduces linear polynomials. Also, local

quadratic spline Hermite interpolation can be made possible by adding intermediate nodes[4].

Therefore, we propose to add intermediate nodes to Deslauriers-Dubuc schemes and subdi-

vision schemes in general to improve approximation and local properties. Doubling the number

of nodes is costly: it doubles the memory requirements. However, since a dyadic subdivision

scheme doubles its memory usage at each step, we can choose to use right away this upcoming

extra storage space without any cost. In effect, we can simply make use of the memory that will be

allocated later in any case. Therefore, we can freely increase the number of nodes in intermediate

steps. These new intermediate nodes or placeholders can then be used to record a coarse scale

guess (using a tetradic filter) which we can later combine with a finer scale interpolation (using a
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dyadic filter). These schemes are said to be “high resolution” because we no longer consider only

the next finer scale, but actually the next two finer scales; alternatively, we could describe these

algorithms as “two-step subdivision schemes”. The main result of this paper is that by summing

up the tetradic (coarse) interpolation recorded in placeholders and dyadic (fine) interpolations,

we get a range of smooth (C1) high resolutions schemes reproducing cubic polynomials. It is

also shown that whereas 4−point subdivision scheme can reproduce at most cubic polynomials,

4−point high resolution subdivision schemes can reproduce polynomials of degree 4 and we show

that the high resolution approach leads to many of the same properties (smoothness, interpolation)

but with better local properties.



Subdivision schemes

Let b> 1 be an integer then given two integersk, j, the numberx j,k = k/b j is said to beb−adic

(of depth j). For a fixedj, theb−adic numbers form a regularly spaced set of nodes. For a fixedJ,

given some data
{

yJ,k
}

k∈Z, we want to build a smooth functionf such thatf
(
xJ,k
)

= yJ,k∀k∈ Z.

Starting with this initial data (yJ,k) and using the linear formula

(3.0.1) y j+1,l = ∑
k∈Z

γbk−l y j,k

for some constant arrayγ, we get valuesy j,k for any j > J and sinceb−adic numbers form a dense

set inR, there is at most one continuous function such thatf
(
x j,k
)

= y j,k for all k∈ Z, j > J.

A subdivision scheme is interpolatory and satisfiesf
(
xJ,k
)

= yJ,k if γbk = 0∀k∈ Z except for

γ0 = 1. We say that a subdivision scheme is stationary if the arrayγ is constant (doesn’t depend on

j). Becauseγ doesn’t depend explicitely onl the scheme is translation invariant or homogeneous.

A subdivision scheme is said to be 2N−point if γl = 0 for |l | ≥ Nb. The interpolation functionf

computed from an interpolatory 2N−point b−adic scheme with initial datay0,0 = 1 andy0,k = 0

for all k 6= 0 is said to be the fundamental function and has a compact support of[−(Nb−1)/(b−

1),(Nb−1)/(b−1)] or [1−2N,2N−1] whenb = 2.

For N = 1,2,3, ... there are corresponding interpolatory 2N−point interpolatory Deslauriers-

Dubuc subdivision schemes built from the midpoint evaluation of Lagrange polynomial of degree

2N− 1. For b = 2 (dyadic case), the 4−point Deslauriers-Dubuc scheme can be defined from

the arrayγDD2 given byγDD2
0 = 1,γDD2

1 = γDD2
−1 = −9/16,γDD2

3 = γDD2
−3 = −1/16 with γDD2

k = 0

otherwise; forb = 4 (tetradic case), the scheme is defined from the arrayγDD4 given byγDD4
2k =

γDD2
k ∀k ∈ Z, γDD4

−1 = γDD4
1 = 105/128,γDD4

−3 = γDD4
−3 = 35/128,γDD4

−5 = γDD4
5 = −7/128,γDD4

−7 =

γDD4
7 =−5/128,with γDD2

k = 0 otherwise.
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Because 4−point Deslauriers-Dubuc schemes are derived from cubic Lagrange polynomials,

they reproduce cubic polynomials, that is, if the initial datay j,k satisfiesy j,k = p
(
x j,k
)
∀k∈ Z for

some cubic polynomialp then the interpolation functionf is this same cubic polynomialf = p.

The two cases presented above (γDD2 andγDD4) reproduce cubic polynomials and it can also be

shown that they both give differentiable (C1) interpolation functions. Because we later borrow

from these two subdivision schemes, we give explicit algorithms for both schemes.

ALGORITHM 3.0.1. (4−point Deslauriers-Dubuc Dyadic Scheme) For a given integer j, begin

with some initial y−values yj,k k∈ Z over dyadic numbers xj,k = k/2 j ,

1. recopy data at xj+1,2k = x j,k: y j+1,2k = y j,k∀k∈ Z ;

2. interpolate midpoint value by the corresponding cubic Lagrange polynomial:

y j+1,2k+1 =
−y j,k−1 +9y j,k +9y j,k+1−y j,k+2

128
∀k∈ Z;

3. Repeat with j→ j +1 and using yj+1 as initial data.

ALGORITHM 3.0.2. (4−point Deslauriers-Dubuc Tetradic Subdivision Scheme) For a given

integer j, begin with some initial y−values yj,k k∈ Z over4−adic numbers xj,k = k/4 j

1. recopy data at xj+1,4k = x j,k: y j+1,4k = y j,k∀k∈ Z ;

2. interpolate quartertile point values by the corresponding cubic Lagrange polynomial:

y j+1,4k+1 =
−7y j,k−1 +105y j,k +35y j,k+1−5y j,k+2

128
;

y j+1,4k+2 =
−y j,k−1 +9y j,k +9y j,k+1−y j,k+2

128
;

y j+1,4k+3 =
−5y j,k−1 +35y j,k +105y j,k+1−7y j,k+2

128
∀k∈ Z;

3. Repeat with j→ j +1 and using yj+1 as initial data.



High resolution subdivision schemes

3.1. Definitions

In this paper, we want to show how the subdivision scheme framework can be extended by

hybrid schemes: mixing tetradic and dyadic subdivision schemes for example. Given some data{
y j−1,k

}
k∈Z to interpolate on the dyadicx j−1,k grid, we first apply a dyadic subdivision scheme

as an initialisation step: since high resolution subdivision schemes can be seen as multistep subdi-

vision schemes, it is not surprising that they require an initialisation step. For 4−point high reso-

lution subdivision scheme, a sensible choice for the initialization step is the 4−point Deslauriers-

Dubuc dyadic scheme (see lemma 3.3.1) which will copy the data at even nodes (y j,2k = y j−1,k)

and insert new values at odd nodes (y j,2k+1 for k ∈ Z). A value y j,k is said to be “stable” if

y j,k = y j+1,2k, other nodes are said to be temporary or are referred to as “placeholders”. A high

resolution scheme on a dyadic grid is said to be interpolatory if ally j,2k values on even nodes

(x j,2k) are stable. Assuming we used an interpolatory subdivision scheme as an initialization step,

the following algorithm is interpolatory.

ALGORITHM 3.1.1. (4−point Dyadic High Resolution Subdivision Scheme) The following it-

eration steps depend onα, a constant parameter. For a given integer j, begin with some initial

y−values yj,k k ∈ Z over dyadic numbers xj,k = k/2 j where only the even nodes will be interpo-

lated (yj,2k),

1. recopy stable data: yj+1,4k = y j,2k∀k∈ Z ;

2. Apply the4−point Deslauriers-Dubuc tetradic scheme on even (stable) nodes:

y j+1,4k+1 =
−7y j,2k−2 +105y j,2k +35y j,2k+2−5y j,2k+4

128
;

ytemporary
j+1,4k+2 =

−y j,2k−2 +9y j,2k +9y j,2k+2−y j,2k+4

128
;
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y j+1,4k+3 =
−5y j,2k−2 +35y j,2k +105y j,2k+2−7y j,2k+4

128
∀k∈ Z;

3. Update midpoint (which then becomes stable):

y j+1,4k+2 = (1−α)ytemporary
j+1,4k+2 +αy j,2k+1;

4. Repeat with j→ j +1 and using yj+1 as initial data.

This new algorithm is not a subdivision scheme in general and thus we need to propose a

more general definition: stationary subdivision schemes (equation 3.0.1) can be generalized by

the linear equation

(3.1.1) y j+1,l =
M

∑
m=1

∑
k∈Z

γ(m)
Mbk+m−1−l y j,Mk+m−1

whereγ(1), ...,γ(M) are constant arrays (independent fromj). It can be said to beb−adic because

the number of nodes is increasing by a factor ofb with each iteration but because we haveM > 1

arraysγ, the scheme is said to be a high resolution subdivision scheme. We say it is interpolatory

if it satisfiesy j+1,Mbk = y j+1,Mk and it is 2N−point if γ(m)
l = 0 for |l | ≥ MNb andm= 1, ...,M.

For b = M = 2 the general equation 3.1.1 becomes

(3.1.2) y j+1,l = ∑
k∈Z

γ(1)
4k−l y j,2k + γ(2)

4k+1−l y j,2k+1.

It is interpolatory ify j+1,4k = y j+1,2k and 2N−point if γ(m)
l = 0 for |l | ≥ 4N andm= 1,2. It should

be noted that for an algorithm based on high resolution subdivision scheme to be interpolatory,

the initialization step must be interpolatory (y j,bk = y j−1,k).

The interpolatory algorithm 3.1.1 amounts to choosingγ(1) andγ(2) to be:

γ(1)
2k = γDD4

2k +α
(
δk,0− γDD2

k

)
, γ(1)

2k+1 = γDD4
2k+1∀k∈ Z(3.1.3)

γ(2)
−1 = α, γ(2)

k = 0otherwise(3.1.4)



for some parameterα ∈ R. Indeed, sinceγDD4
2k = γDD2

k ∀k ∈ Z, we can rewrite equation 3.1.2 for

even and odd terms. Firstly, settingl = 2s (l even), we have

y j+1,2s = ∑k∈Z γ(1)
4k−2sy j,2k + γ(2)

4k+1−2sy j,2k+1

= ∑k∈Z
(
γDD4
4k−2s−αγDD2

2k−s+αδ4k,2s
)

y j,2k +αδ4k+2,sy j,2k+1

= ∑k∈Z
(
(1−α)γDD2

2k−s+αδ2k,s
)

y j,2k +δ2k+1,sαy j,2k+1

so that whens is even (l = 2s= 4r), we have the interpolatory condition

(3.1.5) y j+1,4r = y j,2r

otherwise, whens is odd(l = 2s= 4r +2)

(3.1.6) y j+1,4r+2 = αy j,2r+1 +(1−α) ∑
k∈Z

γDD2
2k−2r−1y j,2k.

Secondly, ifl is odd (l = 2s+1), we have

y j+1,2s+1 = ∑
k∈Z

γ(1)
4k−2s−1y j,2k + γ(2)

4k−2s−1y j,2k+1

= ∑
k∈Z

γDD4
4k−2s−1y j,2k.(3.1.7)

Equations 3.1.5, 3.1.6, and 3.1.7 can be used to describe the chosen high resolution schemes: while

equation 3.1.5 is the interpolatory condition, equation 3.1.7 fills the placeholders with tetradic

(coarse scale) interpolated values whereas equation 3.1.6 combines the value stored in the place-

holder with the newly available interpolated value (fine scale) given by the summation term which

we recognize from the dyadic Deslauriers-Dubuc interpolation.

In the simplest case,α = 0, equation 3.1.2 becomes

(3.1.8) y j+1,l = ∑
k∈Z

γDD4
4k−l y j,2k.

Becauseα = 0 ⇒ γ(2) = 0, we see that the placeholders (odd nodes) are effectively ignored.

Indeed, we observe that this last equation discards odd nodes at each step:y j+1,l depends only on



even nodes (y j,2k ) and not at all on the odd nodes (y j,2k+1). Hence, we can replace equation 3.1.8

by

y j+1,2l = ∑
k∈Z

γDD4
4k−2l y j,2k

but becauseγDD4
2k = γDD2

k , this last equation becomesy j+1,2l = γDD2
2k−l y j,2k and if we definẽy j,k =

y j,2k then

(3.1.9) ỹ j+1,2l = ∑
k∈Z

γDD2
2k−l ỹ j,2k

which we recognize as the cubic Deslauriers-Dubuc scheme and we have proved the next propo-

sition.

PROPOSITION3.1.2.For α = 0, the high resolution scheme given by algorithm 3.1.1 (or equa-

tions 3.1.2, 3.1.3, and 3.1.4) is equivalent to the4−point dyadic Deslauriers-Dubuc subdivision

scheme.

3.2. Local properties

2N−point high resolution subdivision schemes are “as local as” the corresponding 2N−point

subdivision scheme: it is not surprising since interpolated values depend only on the closest 2N

nodes and we use a dyadic tree. As an example, consider any 2N−point dyadic high resolu-

tion scheme. Since the algorithm is linear, stationary and homogeneous, we can choosey0,0 = 1

andy0,k = 0 for k 6= 0 to characterize locality. As an initialization step, apply any interpolatory

2N−point dyadic subdivision scheme: the farthest non-zero interpolated values will bey1,±(2N−1)

at±ξ0 whereξ0 = 2N−1
2 . We then apply the 4−point high resolution subdivisions scheme itself

treating the odd nodesy1,−(2N−1), ...,y1,2N−1 as placeholders, the farthest non-zero interpolated

values will be at±ξ1 whereξ1 = ξ0+ 2N−1
22 : in this respect, a high resolution subdivision scheme

behaves just like subdivision schemes. Of course, these farthest values are not stable yet since

they are located at odd nodes, but they will become stable on the next interation. By induction, the

farthest non-zero interpolated values aftern interations is atξn = ∑n
k=1

2N−1
2k which converges to

2N−1 asn→ ∞ and hence, the support of the interpolated function has to be in[1−2N,2N−1].

A similar argument could be made whenb 6= 2 (non-dyadic case).



3.3. Reproduced polynomials

Assume that for somej, y j,k = p3
(
x j,k
)
∀k ∈ Z for some cubic polynomialp3. Because

4−point Deslauriers-Dubuc schemes reproduce cubic polynomials, we have

∑
k∈Z

γDD2
2k−2r−1y j,2k = y j,2r+1 = p3

(
x j,2r+1

)
and thus equation 3.1.6 becomesy j+1,4r+2 = p3

(
x j,2r+1

)
for any α. Similarly, equation 3.1.7

implies y j+1,2s+1 = p3
(
x j+1,2s+1

)
. We can conclude thaty j+1,k = p3

(
x j+1,k

)
∀k ∈ Z if y j,k =

p3
(
x j,k
)
∀k ∈ Z and thus high resolution schemes defined by equation 3.1.2 reproduce cubic

polynomials. As we have seen, for practical implementations of a high subdivision scheme, it

is necessary to first apply a one-step subdivision scheme. This can be solved by a (one-step)

dyadic Deslauriers-Dubuc interpolation. Let
{

y j,k
}

k be some initial data. As a first step, we apply

equation

(3.3.1) y j+1,l = ∑
k∈Z

γDD2
2k−l y j,2k

followed by algorithm 3.1.1 withj + 1. By induction on j using algorithm 3.1.1, we get the

following lemma.

LEMMA 3.3.1. High resolution schemes given by algorithm 3.1.1 (or equations 3.1.2, 3.1.3,

and 3.1.4) using a one step interpolatory 4-point dyadic Deslauriers-Dubuc interpolation (equa-

tion 3.3.1) as an initialization step reproduce cubic polynomials and are interpolatory.

We can also get a stronger result by choosing a specificα. We can write any polynomial of

degree 4,p4asp4(x) = a4x4 + p3(x) wherep3 is some cubic polynomial. Suppose that for some

j, y j,2k = p4
(
x j,2k

)
andy j−1,k = p4

(
x j−1,k

)
∀k∈ Z. We can writey j+1,4r+2 for anyr ∈ Z in terms

of this initial data (y j andy j−1) by substituting equation 3.1.7 into 3.1.6 to get

y j+1,4r+2 = αy j,2r+1 +(1−α) ∑
k∈Z

γDD2
2k−2r−1y j,2k

= α ∑
k∈Z

γDD4
4k−2r−1y j−1,2k +(1−α) ∑

k∈Z
γDD2
2k−2r−1y j,2k.(3.3.2)



We want to show thaty j+1,4r+2 = p4
(
x j,2r+1

)
for someα and so we substitutey j,2k = p4

(
x j,2k

)
andy j−1,k = p4

(
x j−1,k

)
into the two sums of this last equation. Because of the identities

−9
24 j =

−
(
x j,2r−2

)4 +9
(
x j,2r

)4 +9
(
x j,2r+2

)4− (x j,2r+4
)4

128
−
(
x j,2r+1

)4
−105
24 j =

−7
(
x j,2r−4

)4 +105
(
x j,2r

)4 +35
(
x j,2r+4

)4−5
(
x j,2r+8

)4
128

−
(
x j,2r+1

)4
=

−5
(
x j,2r−4

)4 +35
(
x j,2r

)4 +105
(
x j,2r+4

)4−7
(
x j,2r+8

)4
128

−
(
x j,2r+1

)4
,

we can compute both sums in equation 3.3.2 explicitely:

∑
k∈Z

γDD4
4k−2r−1y j−1,2k = p3

(
x j,2r+1

)
+a4 ∑

k∈Z
γDD4
4k−2r−1×

(
x j−1,2k = x j,4k

)4
(3.3.3)

= p4
(
x j,2r+1

)
− 105a4

24 j(3.3.4)

and

∑
k∈Z

γDD2
2k−2r−1y j,2k = p3

(
x j,2r+1

)
+a4 ∑

k∈Z
γDD2
2k−2r−1×

(
x j,2k

)4
= p4

(
x j,2r+1

)
− 9a4

24 j

Hence, settingα =−3/32 in equation 3.3.2, we get

y j+1,4r+2 = p4
(
x j,2r+1

)
− 105α+9(1−α)

24 j a4 = p4
(
x j+1,4r+2

)
since forα = −3/32, 105α + 9(1−α) = 0. Therefore, the scheme reproduces polynomials of

degree 4 whenα =−3/32.

This last result assumes that we initialize the data so thaty j,2k+1 = p4
(
x j,2k+1

)
− 105a4

16×24 j and

y j,2k = p4
(
x j,2k

)
for all k ∈ Z. Unfortunately, there is no interpolatory 4−point dyadic subdivi-

sion scheme able to provide this initialization but we can get this result by using the initial data

y j−1,k = p4
(
x j,k
)

and applying first the high resolution scheme (equation 3.1.2) withα = 1 as an

initialization step, since equations 3.1.5 and 3.1.6 will guaranteey j,2k = p4
(
x j,k
)

whereas equa-

tion 3.1.7 will initialize the placeholders properly. The caseα = 1 essentially relies only on the



tetradic interpolation and discard the finer scale guesses (dyadic). It is not interpolatory however

since we only havey j,4k = y j−1,2k and not the stronger conditiony j,2k = y j−1,k. For pratical ap-

plications, we may wish to initialize high resolution subdivision schemes with an interpolatory

subdivision scheme so that the whole process remains interpolatory. While there are no 4−point

subdivision scheme capable of interpolatingy j−1,k = p4
(
x j,k
)

into y j,2k+1 = p4
(
x j,2k+1

)
− 105a4

16×24 j

andy j,2k = p4
(
x j,2k

)
for all k∈Z, there exist 5−point subdivision schemes such as the subdivision

scheme described by the next algorithm.

ALGORITHM 3.3.2. (5−point Dyadic Subdivision Scheme) For a given integer j, begin with

some initial y−values yj,k k∈ Z over dyadic numbers xj,k = k/2 j ,

1. recopy data at xj+1,2k = x j,k: y j+1,2k = y j,k∀k∈ Z ;

2. extrapolate yj,k+4 using yj,k−2,y j,k−1,y j,k,y j,k+1,y j,k+2 by the formula

(3.3.5) γ j,k = 5y j,k−2−24y j,k−1 +45y j,k−40y j,k+1 +15y j,k+1∀k∈ Z;

3. interpolate midpoint value using the tetradic Deslauriers-Dubuc formula:

−7y j,k−2 +105y j,k +35y j,k+2−5γ j,k

128
∀k∈ Z.

To see that algorithm 3.3.2 properly initialize the placeholders, observe that if we assume that

yJ,k = p4
(
xJ,k
)
, then we only need to check thatyJ+1,2k+1 = p4

(
xJ+1,2k+1

)
− 105a4

16×24(J+1) . However,

if yJ,k = p4
(
xJ,k
)

is satisfied, thenγJ,k = p4
(
xJ,k+4

)
since formula 3.3.5 can be derived by finding

the polynomial of degree 4pJ,k satisfying pJ,k
(
x j,l
)

= yJ,l for l = k− 2, ...,k + 2 and setting

γJ,k = pJ,k
(
xJ,k+4

)
. Hence, by formula 3.3.4, we have the following lemma.

LEMMA 3.3.3. Algorithm 3.3.2 describes a5−point dyadic subdivisions such that when ap-

plied on yj−1,k = p4
(
x j−1,k

)
where p4 is a polynomial of degree4 gives yj,2k+1 = p4

(
x j,2k+1

)
−

105a4
16×24 j and yj,2k = p4

(
x j,2k

)
for all k ∈ Z.

Because we have a proper initialization scheme, we can now efficiently reproduce polynomials

of degree 4.



PROPOSITION3.3.4. For any given j, if yj−1,k = p4
(
x j−1,k

)
where p4 is a polynomial of de-

gree4 then applying algorithm 3.3.2 following algorithm 3.1.1 withα =−3/32 for the following

steps will guarantee that yj ′,2k = p4
(
x j ′,2k

)
for ∀k ∈ Z and all j′ ≥ j − 1. In other words, this

4−point high resolution subdivision algorithm reproduces polynomials of degree 4.

This result is significant because it is not possible for 4−point subdivision schemes to repro-

duce polynomials of degree 4. Even if we include non-interpolatory subdivision schemes, for a

givenk∈ Z, y j+1,2k+1 cannot be computed solely from the neighbouring valuesy j,k−1, y j,k,y j,k+1,

andy j,k+1 while reproducing polynomials of degree 4.

PROPOSITION3.3.5. A 4−point dyadic subdivision scheme cannot reproduce polynomials of

degree 4.

PROOF. Let P4(x) = x(x−1)(x−2)(x−3) and considery0,k = P4(k). All 4−point subdivision

schemes will interpolatey1,3 = 0 6= P4
(3

2

)
= 9

16. �

By the proof of proposition 3.3.5, we see that only subdivision schemes using 5 points can

interpolate polynomials of degree 4. Starting withy0,k = δk,0∀k ∈ Z, it can be seen that in

the best possible case, a 5−point subdivision scheme will give an interpolation function hav-

ing a support of size 8. For example, consider schemes of the formy j+1,l = ∑2
k=−2τ2k−l y j,k with

τ−5 = 3
128,τ−3 = −5

32 ,τ−1 = 45
64,τ1 = 15

32,τ3 = −5
128 andτ0 = 1, τk = 0 otherwise which has support

[−3,5]. On the other hand, applying the high resolution scheme described by proposition 3.3.4

with the same initial data (y0,k = δk,0∀k∈ Z) leads to an interpolation function having a compact

support of size 7 taking into account the 5−point initialization scheme. Therefore, we have a new

interpolation scheme with many of the same properties but with better local properties.

3.4. Sufficient conditions for regularity

To study the regularity of high resolution schemes, it is convenient to rewrite formula 3.1.2

in terms of (trigonometric) polynomials. Given some datay j,k, defineP j(z) = ∑k∈Z y j,kzk. If

P2(z) = ∑k∈Z γDD2
k zk, then the equation of the 4−point dyadic Deslauriers-Dubuc scheme (equa-

tion 3.3.1), can be rewrittenP j+1(z) = P2(z)P j(z2). Similarly, if P4(z) = ∑k∈Z γDD4
k zk, then the



tetradic subdivision scheme is given byP j+1(z) = P4(z)P j(z2). It can be shown that we can rewrite

the general equation for high resolution subdivision schemes as

P j+1(z) =
M

∑
i=1

Φi(z)P j
(

e2πi/bzb
)

.

whereΓi must be Laurent polynomials and similarly for dyadic schemes (b = 2),

P j+1(z) = Φ1(z)P j (z2)+Φ2(z)P j (−z2) .
The equation of symbols for the 4−point cubic high resolution sheme is (see equation 3.1.2 and

algorithm 3.1.1)

P j+1(z) =
{

P4(z)−αP2
(
z2)+α

}(P j
(
z2
)
+P j

(
−z2
)

2

)
+α

(
P j
(
z2
)
−P j

(
−z2
)

2

)

=

{
P4(z)−αP2

(
z2
)

2
+α

}
P j (z2)+ P4(z)−αP2

(
z2
)

2
P j (−z2)

= Γ1(z)P j (z2)+Γ2(z)P j (−z2) .(3.4.1)

BecauseγDD4
2k = γDD2

k ∀k ∈ Z, we observe thatP2 is not needed and everything can be written in

terms ofP4, indeed,

P4(z)−αP2
(
z2)=

P4(z)−P4(−z)
2

+(1−α)
P4(z)+P4(−z)

2

and thus, the symbolsΓ1andΓ2 can be written

Γ1(z) = Γ2(z)+α

Γ2(z) =
P4(z)−P4(−z)

4
+(1−α)

P4(z)+P4(−z)
4

.

Whenα = 0 (Deslauriers-Dubuc case),Γ1(z) = Γ2(z) = P4(z)
2 and equation 3.1.2 becomes

P j+1(z) = P4(z)

(
P j
(
z2
)
+P j

(
−z2
)

2

)



and it can be shown to be equivalent to the Deslauriers-Dubuc dyadic scheme by using the last

equation for averagingP j+1(z) andP j+1(−z),

P j+1(z)+P j+1(−z)
2

=
(

P4(z)−P4(−z)
2

)(
P j
(
z2
)
+P j

(
−z2
)

2

)

= P2
(
z2)(P j

(
z2
)
+P j

(
−z2
)

2

)
.

which can be used to prove that whenα = 0 the high resolution subdivision scheme becomes the

dyadic Deslauriers-Dubuc scheme (proposition 3.1.2).

In order to study the regularity and stability of the chosen high resolution schemes, we need

to find corresponding schemes for the (forward) finite differences. Letdxj = 1/2 j and write

D j,k =
dyj,k

dxj
= 2 j (y j,k+1−y j,k

)
,

and define higher order finite differences recursively

Dn
j,k = d(n)y j,k/

(
dxj
)n = d

(
d(n−1)y j,k

)
/
(
dxj
)n = 2 jn×d(n)y j,k.

Note thatD j,k = D1
j,k. Let H j

1 be the symbol fordyj,k/dxj , then

H j
1(z) = ∑

k∈Z
2 j (y j,k+1−y j,k

)
zk

= ∑
k∈Z

2 jy j,kz
k−1− ∑

k∈Z
2 jy j,kz

k

= 2 j(1/z−1)P j(z) = 2 j(1−z)P j(z)/z,

and thusP j
(
z2
)

= z22 jH j
1

(
z2
)
/(1− z2), P j

(
−z2
)

= −z22 jH j
1

(
−z2
)
/(1+ z2), andP j+1(z) =

z2 j+1H j+1
1 (z)/(1−z). Substituting these three equations intoP j+1(z)= Γ1(z)P j

(
z2
)
+Γ2(z)P j

(
−z2
)

(equation 3.4.1) gives

(3.4.2) H j+1
1 (z) =

2z(1−z)
(1−z2)

Γ1(z)H
j
1

(
z2)− 2z(1−z)

(1+z2)
Γ2(z)H

j
1

(
−z2) .



Similarly, the higher order finite differences are given by

H j
n(z) =

2(1−z)
z

H j
n−1(z) =

(
2(1−z)

z

)n

P j(z)

whereH0(z) = P(z) and it can be seen that they can be computed by (see derivation of equation

3.4.2 above)

(3.4.3) H j+1
n (z) =

(
2z

1+z

)n

Γ1(z)H j
n

(
z2)+(−2z(1−z)

1+z2

)n

Γ2(z)H j
n

(
−z2) .

Hn is said to be the symbol of a high resolution subdivision scheme ifΓ1(z)/(1+z) andΓ2(z)/(1+

z2) are Laurent polynomials.Γ1(z)/(1+z)n andΓ2(z)/(1+z2)n are Laurent polynomial for n=

1,2,3,4 because

P4(z) =
−(1+z)4(1+z2

)4(
5z2−12z+5

)
128z7 .

Therefore,Hn is the symbol of a high resolution subdivision scheme ifn = 1,2,3,4.

LEMMA 3.4.1.For high resolution subdivision schemes given by algorithm 3.1.1 (or equations

3.1.2, 3.1.3, and 3.1.4), the finite differences d(n)y j,k can be computed by a corresponding high

resolution subdivision scheme for n= 1,2,3,4.

We can definedH j
n as the symbol of

dDn−1
j,k = d

(
d(n−1)y j,k(

dxj
)n−1

)
=

dny j,k(
dxj
)n−1 =

Dn
j,k

2 j

or dH j
n(z) = H j

n+1(z)/2 j and thus

(3.4.4) dH j
n−1(z) =

(1−z)
z

H j
n−1(z) =

2 j(n−1)(1−z)n

zn P j(z).

ReplacingHn−1 by dHn−1 in equation 3.4.3, we find

(3.4.5) dH j+1
n−1(z) =

1
2

{(
2z

1+z

)n

Γ1(z)dH j
n−1

(
z2)+(−2z(1−z)

1+z2

)n

Γ2(z)dH j
n−1

(
−z2)} .

And becausedH j
n(z) = H j

n+1(z)/2 j , dHn−1 is the symbol of a high resolution subdivision scheme

for n = 1,2,3,4.



Using results from Dyn [7], we have the following theorem.

THEOREM 3.4.2. (Dyn) If dHn as in equations3.4.4 and 3.4.5 is the symbol of a high res-

olution subdivision scheme converging uniformly to zero for all bounded initial data, then the

corresponding scheme P as in equation 3.4.1 is Cn, that is, all interpolation functions f are Cn

PROOF. See the proof of theorem 3.4 [7] as it applies to high resolution subdivision schemes.

�

In general, giveny j+1,l = ∑k∈Z γ2k−l y j,k, a sufficient condition fory j,k → 0 uniformly as

j → ∞ is thatλ = maxl=0,1
{

∑k∈Z |γ2k−l |
}

< 1, indeed, ifM j = sup
{∣∣y j,k

∣∣ : k∈ Z
}

thenM j+1 ≤

maxl=0,1
{

∑k∈Z |γ2k−l |
}

M j becausey j+1,2l = ∑k∈Z γ2k−2l y j,k andy j+1,2l+1 = ∑k∈Z γ2k−2l−1y j,k.

For a high resolution subdivision scheme given byy j+1,l = ∑k∈Z γ(1)
4k−l y j,2k + γ(2)

4k+1−l y j,2k+1, we

proceed in the same manner. Firstlyy j+1,2l = ∑k∈Z γ(1)
4k−2l y j,2k + γ(2)

4k+1−2l y j,2k+1 and secondly

y j+1,2l+1 = ∑k∈Z γ(1)
4k−2l−1y j,2k+γ(2)

4k−2l y j,2k+1. Thus ifλHR= maxl=0,1

{
∑k∈Z

∣∣∣γ(1)
2k−l

∣∣∣+ ∣∣∣γ(2)
2k+1−l

∣∣∣}
thenM j+1≤ λM j Given a symbolQ(z) = ∑k qkzk, define‖Q(z)‖sup= supk{|qk|} and‖Q(z)‖∑ =

max{∑k |qk|}. For high resolution subdivision schemes, starting withP j+1(z) = Φ1(z)P j
(
z2
)
+

Φ2(z)P j
(
−z2
)
,we see thatλHR is given by

λHR = max{λ1,λ2}(3.4.6)

= max

{∥∥∥∥Φ1(z)+Φ1(−z)+Φ2(z)−Φ2(−z)
2

∥∥∥∥
∑

,

∥∥∥∥Φ1(z)−Φ1(−z)+Φ2(z)+Φ2(−z)
2

∥∥∥∥
∑

}
(3.4.7)

and
∥∥P j+1(z)

∥∥
sup≤ λHR

∥∥P j(z)
∥∥

sup.

LEMMA 3.4.3. A high resolution subdivision scheme given by the symbol equation Pj+1(z) =

Φ1(z)P j
(
z2
)
+Φ2(z)P j

(
−z2
)

converges uniformly to zero for all bounded initial values ifλHR< 1

whereλHR is as in equation 3.4.7.

We are now ready to prove the next theorem.

THEOREM 3.4.4. For −25/56< α < 15/32, the high resolution subdivision scheme given by

equation3.4.1 are C1.



PROOF. The symbol of the high resolution subdivision schemedD j,k = dD1
j,k, dH1 is given

by (see equation 3.4.5)

dH j+1
1 (z) = 2

(
z

1+z

)2

Γ1(z)dH j
1

(
z2)+2

(
−z(1−z)

1+z2

)2

Γ2(z)dH j
1

(
−z2)

By theorem 3.4.2, it is enough to show thatdD j,k converges uniformly to zero for all bounded

initial data. However, using lemma 3.4.3, we know that it is sufficient to prove thatλHR < 1 with

Φ1(z) = 2z2Γ1(z)/(1+z)2 andΦ2(z) = 2z2(1−z)2Γ2(z)/
(
1+z2

)2
. We get

λ1 =
5+2|4α+1|+2|7−8α|+2|5+12α|+ |32α+5|+ |5−8α|+ |24α−7|

64

λ2 =
5+2|4α+1|+2|3+8α|+2|1−4α|+ |21−32α|+ |1+8α|+ |24α+11|

64
.

For−25/56< α < 15/32, we haveλ1 < 1, whereas for−7/12< α < 5/8, λ2 < 1 Hence, we

have thatλHR = max{λ1,λ2} < 1 for−25/56< α < 15/32 or−∼ 0.45< α <∼ 0.47 (see Fig.

3.4.2). �

Theorem 3.4.4 is illustrated by Fig. 3.4.1 where the derivative of three interpolants are given

for α = −0.2, 0, 0.15. These three examples show that there are many interpolatory 4−point

subdivision schemes having the same properties as the corresponding Deslauriers-Dubuc scheme

(linearity, stationarity, and homogeneity) which reproduce cubic polynomials and are differen-

tiable.

Given that the algorithm converges to continuous functions, we can prove that it must be

“stable”. In general terms, an algorithmR is said to be stable if for any dataz, |R(z+δz)−R(z)| ≤

K|δz| [9].

COROLLARY 3.4.5. For −25/56< α < 15/32, high resolution subdivision schemes are sta-

ble, that is, given
∣∣zj,k− z̃j,k

∣∣ < δ∀k∈ Z then
∣∣zj+n,k− z̃j+n,k

∣∣ < Kδ∀k∈ Z for all integers n> 0

and a constant K independent ofδ.

PROOF. Assume we use any 4−point subdivision scheme as an initialisation step on the

initial data onzj,k, z̃j,k. For −25/56 < α < 15/32, by theorem 3.4.4, given the initial data

y j,k = δk,0∀k∈ Z, we get a continuous (C1) interpolation functionF(x). Let M = ‖F‖L∞ , assume
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FIGURE 3.4.1. Derivatives of the fundamental functions forα =−0.2 (continuous
line), α = 0 (dash-dot line), andα = 0.15 (dashed line). The fundamental functions
are defined as the interpolation ofy0,k = δk,0 by the high resolution subdivision
scheme initialized with the 4−point Deslauriers-Dubuc dyadic scheme. Deriva-
tives were estimated using first-order forward finite differences after 8 iterations of
the high resolution scheme (discarding the placeholders at the last iteration). The
α = 0 case is in fact the derivative of the Deslauriers-Dubuc fundamental function.
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FIGURE 3.4.2. λ1(α) (continuous line) andλ2(α) (dashed line) as in the proof
of theorem 3.4.4). The high resolution scheme is differentiable ifλHR =
max{λ1,λ2}< 1.∣∣zj,k− z̃j,k
∣∣ < δ∀k ∈ Z, by linearity, the interpolation function ofzj,k− z̃j,k is given by f (x) =

∑∞
k=−∞

(
zj,k− z̃j,k

)
Fj
(
x−x j,k

)
but sinceF has compact support[x j,−3,x j,3] then‖ f‖L∞ ≤ 6Mδ.

It means that the values of the stable nodes are bounded by−6Mδ and 6Mδ. The placeholders

must also be bounded by 6Mδ∑k∈Z
∣∣γDD4

4k−1

∣∣(see equation 3.1.7). �

The author would like to thank S. Dubuc for his help in preparing the manuscript.
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