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Subdivision schemes are used to interpolate data samples locally. By using temporary place-
holders on a dense grid, we improve one of the best known subdivision scheme (Deslauriers-
Dubuc). Interpolated values require 2 steps to stabilize as they are first interpolated on a coarse
scale through a tetradic filter and then on a finer scale using a dyadic filter. The interpoladits are
and can be made to reproduce polynomials of degree 4 unlike regular subdivision schemes. These
generalized interpolatory subdivision schemes have minimal support and no additional memory
requirement.
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Introduction

Interpolatory subdivision schemes interpolate a discrete set of data points in a local manner,
that is, the value of the interpolation function at a given point depends on a small number of
nearby data points. The classical dyadic algorithm introduced by Deslauriers and Bulalic [
finds the midpoint values by fitting a Lagrange polynomial through tel@sest data points. By
repeating this algorithm again and again, each time doubling the number of data points or nodes by
midpoint interpolation, we eventually have a dense set of data points and can determine uniquely a
smooth interpolation function. Because interpolatory subdivision schemes relate data points from
one scale to another scale, it is not surprising that they are a key ingredient in the construction of
compactly supported wavelett, [3].

More recently, Merrien10,[11, 6 introduced Hermite subdivision schemes. Since Merrien
subdivision schemes use Hermite nodes, they have twice the approximation order and better reg-
ularity for a given support. For example;-point Hermite schemes are differentiable and can
reproduce quadratic or cubic polynomials whereas the correspondipgi Deslauriers-Dubuc
scheme (the linear spline) isn’t differentiable and only reproduces linear polynomials. Also, local
guadratic spline Hermite interpolation can be made possible by adding intermediatédhodes|

Therefore, we propose to add intermediate nodes to Deslauriers-Dubuc schemes and subdi-
vision schemes in general to improve approximation and local properties. Doubling the number
of nodes is costly: it doubles the memory requirements. However, since a dyadic subdivision
scheme doubles its memory usage at each step, we can choose to use right away this upcoming
extra storage space without any cost. In effect, we can simply make use of the memory that will be
allocated later in any case. Therefore, we can freely increase the number of nodes in intermediate
steps. These new intermediate nodes or placeholders can then be used to record a coarse scale

guess (using a tetradic filter) which we can later combine with a finer scale interpolation (using a



dyadic filter). These schemes are said to be “high resolution” because we no longer consider only
the next finer scale, but actually the next two finer scales; alternatively, we could describe these
algorithms as “two-step subdivision schemes”. The main result of this paper is that by summing
up the tetradic (coarse) interpolation recorded in placeholders and dyadic (fine) interpolations,
we get a range of smootiCY) high resolutions schemes reproducing cubic polynomials. It is
also shown that whereas-foint subdivision scheme can reproduce at most cubic polynomials,
4—point high resolution subdivision schemes can reproduce polynomials of degree 4 and we show
that the high resolution approach leads to many of the same properties (smoothness, interpolation)

but with better local properties.



Subdivision schemes

Letb > 1 be an integer then given two integérs, the numbek; \ = k/bl is said to béb—adic
(of depthj). For a fixedj, theb—adic numbers form a regularly spaced set of nodes. For adixed
given some datdy;  }, .7, we want to build a smooth functiohsuch thatf (x;x) = yik vk € Z.

Starting with this initial datay( ) and using the linear formula

(3.0.1) i+l = ) Yok-1Yjk
keZ

for some constant arrgy we get valuey;j i for any j > J and sinceb—adic numbers form a dense
setinR, there is at most one continuous function such fhag k) =y« forallk e Z, j > J.

A subdivision scheme is interpolatory and satisﬂiéxlk) =Yk if Yok = OVk € Z except for
Yo = 1. We say that a subdivision scheme is stationary if the grimgonstant (doesn’t depend on
}). Becausegy doesn’t depend explicitely dnthe scheme is translation invariant or homogeneous.
A subdivision scheme is said to b&l2 point if yy = 0 for ||| > Nb. The interpolation functiorf
computed from an interpolatory\N2-point b—adic scheme with initial datgyo = 1 andypx =0
for all k £ 0 is said to be the fundamental function and has a compact supgertb—1)/(b—
1),(Nb—1)/(b—1)] or [1—2N,2N — 1] whenb = 2.

ForN = 1,2 3,... there are corresponding interpolatomy-2point interpolatory Deslauriers-
Dubuc subdivision schemes built from the midpoint evaluation of Lagrange polynomial of degree
2N — 1. Forb = 2 (dyadic case), the-4point Deslauriers-Dubuc scheme can be defined from
the arrayyPP? given byy5P? = 1,yPP? = P2 = —9/16,yPP? = P22 = —1/16 with QP2 =0
otherwise; forb = 4 (tetradic case), the scheme is defined from the aff@§ given byy;>* =
YRP2vk € Z, yPP4 = yPP4 = 105/128 P04 = P24 = 35/128 yPP4 = PD4 = _7/128\PD4 =
yPP4 = —5/128 with y?P2 = 0 otherwise.



Because 4-point Deslauriers-Dubuc schemes are derived from cubic Lagrange polynomials,
they reproduce cubic polynomials, that is, if the initial dgta satisfiesyj k= p (ka) vk € Z for
some cubic polynomiap then the interpolation functiof is this same cubic polynomidl = p.
The two cases presented aboygP2 andyPP4) reproduce cubic polynomials and it can also be
shown that they both give differentiabl€) interpolation functions. Because we later borrow

from these two subdivision schemes, we give explicit algorithms for both schemes.

ALGORITHM 3.0.1. (4—point Deslauriers-Dubuc Dyadic Scheme) For a given integer j, begin
with some initial y-values y xk € Z over dyadic numbersjx = k/2},
1. recopy data at X1 o« = Xj k' Yj+1.2k = Yjk VK€ Z ;

2. interpolate midpoint value by the corresponding cubic Lagrange polynomial:

—Yik=1T Y|k +Yjk+1—Yjk+2
Yi+1,2k+1 = . J 128 Lt e vk e 7

3. Repeat with j— j+1and using y,; as initial data.

ALGORITHM 3.0.2. (4—point Deslauriers-Dubuc Tetradic Subdivision Scheme) For a given
integer j, begin with some initialyvalues y  k € Z over4—adic numbers x = k/4)
1. recopy data at X, 1 4k = Xj k- Yj+1.4k = YjkVKE Z ;

2. interpolate quartertile point values by the corresponding cubic Lagrange polynomial:

—7Yj k-1 105y; k + 35y k+1 — BYj k+2.

Yi+1,4k+1 = 128
_ Yik-1t Wikt k1~ Yjkt2,
Yi+14k+2 = 128 ;
—5Y;j k—1+35yj k+ 105/} k11— 7Yjk+2
Yitldkiz = —— L 58 LI VY vk e 7

3. Repeat with j— j+1and using y,1 as initial data.



High resolution subdivision schemes

3.1. Definitions

In this paper, we want to show how the subdivision scheme framework can be extended by
hybrid schemes: mixing tetradic and dyadic subdivision schemes for example. Given some data
{¥j-1k} 7 to interpolate on the dyadiq_1 x grid, we first apply a dyadic subdivision scheme
as an initialisation step: since high resolution subdivision schemes can be seen as multistep subdi-
vision schemes, it is not surprising that they require an initialisation step.-Hooidt high reso-
lution subdivision scheme, a sensible choice for the initialization step is-tpeiat Deslauriers-

Dubuc dyadic scheme (see Iem@.&l) which will copy the data at even ypdes-(yj_1 k)

and insert new values at odd nodgs .1 for k € Z). A valuey;jy is said to be “stable” if

Yjk = Yj+1,2 other nodes are said to be temporary or are referred to as “placeholders”. A high
resolution scheme on a dyadic grid is said to be interpolatory i;ail values on even nodes
(Xj,2k) are stable. Assuming we used an interpolatory subdivision scheme as an initialization step,

the following algorithm is interpolatory.

ALGORITHM 3.1.1. (4—point Dyadic High Resolution Subdivision Scheme) The following it-
eration steps depend an a constant parameter. For a given integer j, begin with some initial
y—values yk € Z over dyadic numbers;x = k/2! where only the even nodes will be interpo-

lated (yj ),

1. recopy stable data: jy 1 4« = Yj x VK€ Z ;

2. Apply thed—point Deslauriers-Dubuc tetradic scheme on even (stable) nodes:

—7Yj 2k—2 + 105yj 2k + 35Yj 2kt 2 — BYj 2k14.
Yi+14k+1 = 178 :

emporary  —Yj.2k-219Yj 2k + 9Yj 2k+2 — ¥j 2k+4 .
j+1,4k+2 — 128 J

7



—5Yj 2k—2 + 35y 2k + 10%Yj oki 2 — 7Yj 2k+4
128

3. Update midpoint (which then becomes stable):

vk e Z;

Yij+1,4k+3 =

. - emporary . .

4. Repeat with j— j+1and using y,; as initial data.

This new algorithm is not a subdivision scheme in general and thus we need to propose a
more general definition: stationary subdivision schemes (equatior} 3.0.1) can be generalized by

the linear equation

M
(3.1.1) Yieri = > > yl(\/Ian—i—m—l—IyLMk+m—1
m=1lcZ,

whereyD). ..., yM) are constant arrays (independent frgymlt can be said to bb—adic because

the number of nodes is increasing by a factob @fith each iteration but because we hdwte> 1
arraysy, the scheme is said to be a high resolution subdivision scheme. We say it is interpolatory
if it satisfiesyj 1. vbk = Yj+1.mk and it is N—point if yl(m) =0for|l|>MNbandm=1,...,M.

Forb =M = 2 the general equati¢n 3.1.1 becomes

2
(3.1.2) Vier = 3 Vo Yiakt Vagra 1Yizen
keZ,

Itis interpolatory ifyj 1 a = Yj+1,2« and N—point if yl(m) =0for|l| > 4N andm=1,2. It should
be noted that for an algorithm based on high resolution subdivision scheme to be interpolatory,
the initialization step must be interpolatomy fx = yj_1 k)

The interpolatory algorithfh 3.1.1 amounts to choosjtgandy® to be:

(3.1.3) Vol = Vo4 4+l (3o —¥R™?). V.(zlk)+1 =Vac1VKEZ

(3.1.4) y(f% =a, yl((z) = Ootherwise



for some parametex € R. Indeed, sincg5P* = YPP?vk € Z, we can rewrite equatign 3.1.2 for

even and odd terms. Firstly, settihg- 2s (I even), we have

(1) 2
Yi+1.2s = 2keZ y4k—23yj72k+y£1k)+1—25y1'72k+1
=2keZ (VEkD—425 —a 2|<D—Zs +a 54k,2s) Yj 2k + 00ak+2 sYj 2k+1

=2keZ ((1 - G)VSKDES + 0(52k,s) Yij,2k + 02k +1,50Yj 2k+1
so that whersis even ([ = 2s = 4r), we have the interpolatory condition

otherwise, whegis odd(l = 2s= 4r + 2)

(3.1.6) Yi+14r+2 = 0Yjorr1+(1—0) Z ngD—zzr—m,Zk-
keZ,

Secondly, ifl is odd { = 2s+ 1), we have

1 2
Yit12s+1 = zvﬁk)_ZS_lyj,szrvﬁk)_zs_lyj,zm
keZ,
(3.1.7) S BRh iak
keZ

Equation$ 3.1]%, 3.1.6, ahd 3]1.7 can be used to describe the chosen high resolution schemes: while

equatior] 3.1]5 is the interpolatory condition, equafion B.1.7 fills the placeholders with tetradic
(coarse scale) interpolated values whereas equationr} 3.1.6 combines the value stored in the place-
holder with the newly available interpolated value (fine scale) given by the summation term which
we recognize from the dyadic Deslauriers-Dubuc interpolation.

In the simplest case, = 0, equation 3.1]2 becomes

(3.1.8) Virni = Y VacViae
keZ,

Becausen = 0 = y1@ = 0, we see that the placeholders (odd nodes) are effectively ignored.

Indeed, we observe that this last equation discards odd nodes at eagh)_steplepends only on



even nodesy o ) and not at all on the odd nodegj(x« 1). Hence, we can replace equatjon 3.1.8
by

D4
Yi+1,20 = Z V4Dk72|yj,2k
keZ.

but becausg5P* = yRP2 | this last equation becomes, 1 2 = Y5P3y; 2 and if we defingjj x =
Yj .2« then
(3.1.9) Viia = Y Yaca¥ia
keZ,
which we recognize as the cubic Deslauriers-Dubuc scheme and we have proved the next propo-

sition.

PrROPOSITION3.1.2. For a = 0, the high resolution scheme given by algorifhm 3.1.1 (or equa-
tions[3.1.2[ 3.1]3, and 3.1.4) is equivalent to thepoint dyadic Deslauriers-Dubuc subdivision

scheme.

3.2. Local properties

2N—point high resolution subdivision schemes are “as local as” the correspondingdint
subdivision scheme: it is not surprising since interpolated values depend only on the chbsest 2
nodes and we use a dyadic tree. As an example, considerNwpdnt dyadic high resolu-
tion scheme. Since the algorithm is linear, stationary and homogeneous, we cangfipesk
andypk = 0 for k # 0 to characterize locality. As an initialization step, apply any interpolatory
2N—point dyadic subdivision scheme: the farthest non-zero interpolated values w4llbg 1)
at +&o whereég = %‘1 We then apply the 4point high resolution subdivisions scheme itself
treating the odd nodeg _(on-1),--,Y1,2n-1 @S placeholders, the farthest non-zero interpolated
values will be at-&1 whereéq = &+ %»}1: in this respect, a high resolution subdivision scheme
behaves just like subdivision schemes. Of course, these farthest values are not stable yet since

they are located at odd nodes, but they will become stable on the next interation. By induction, the

2N-1
2k

farthest non-zero interpolated values afténterations is aén = S¢_; which converges to
2N — 1 asn — o and hence, the support of the interpolated function has to de-i2N, 2N — 1].

A similar argument could be made whkeg 2 (non-dyadic case).



3.3. Reproduced polynomials

Assume that for someg, yjx = p3 (xj7k) Vk € Z for some cubic polynomiaps. Because

4—point Deslauriers-Dubuc schemes reproduce cubic polynomials, we have

Z ngDfZerlyj,Zk =VYj2r+1=P3 (Xj,2r+1)
keZ,

and thus equatio.6 becomgsiari2 = P3 (Xj72r+1) for any a. Similarly, equatio?
implies yj+12s:1 = Ps (Xj+12s11). We can conclude thati 1k = ps (Xj41k) VK € Z if yjx =

P3 (ka) vk € Z and thus high resolution schemes defined by equ 3.1.2 reproduce cubic
polynomials. As we have seen, for practical implementations of a high subdivision scheme, it
is necessary to first apply a one-step subdivision scheme. This can be solved by a (one-step)
dyadic Deslauriers-Dubuc interpolation. L{qtj,k}k be some initial data. As a first step, we apply

equation

(3.3.1) Yir1l = }ZVszD%yj,Zk
ke

followed by algorithmi 3.1]1 withj + 1. By induction onj using algorithn{ 3.1]1, we get the

following lemma.

LEMMA 3.3.1. High resolution schemes given by algorithm 3.1.1 (or equafions|3.1.2] 3.1.3,
and[3.1.4) using a one step interpolatory 4-point dyadic Deslauriers-Dubuc interpolation (equa-

tion[3.3.1) as an initialization step reproduce cubic polynomials and are interpolatory.

We can also get a stronger result by choosing a spexifid/e can write any polynomial of
degree 4psas pa(x) = asgx* + p3(x) whereps is some cubic polynomial. Suppose that for some
i, Yj2¢=Pa (X)) andyj_1k = Pa (Xj—1k) VK € Z. We can writeyj 1 4r+2 for anyr € Z in terms

of this initial data y; andy;_1) by substituting equatidn 3.1.7 irfto 3.].6 to get

keZ

(3.3.2) = oy Vach a1t (1-0) 3 Vadh Yk
keZ keZ



We want to show thayj 1 4r+2 = P4 (Xj2r+1) for somea and so we substitutg » = pa (X;,2«)

andyj_1k = ps (xkl’k) into the two sums of this last equation. Because of the identities

-9 - (Xj72r_2)4—{—9(Xj’zr)4+9(xj,2r+2)4_ (Xj,2r+4)4 ~ (% )4
4] 128 hart
~-105 —7(xj72r_4)4+105(Xj,2r)4+35(Xj,2r+4)4—5(Xj,2r+8)4 B (X_ )4
24j 128 hare
B -5 (Xj72r74)4_|_35(xj72r)4—|—105(Xj72r+4)4—7(Xj,2r+8)4 B (X- )4
_ 128 j,2r+1)

we can compute both sums in equafion 3.3.2 explicitely:

333 Voo 1Yj-12k = Pa(Xj2r+1) +aa > Yacor1 % (Xj-1.2 = Xj’4k)4
keZ. keZ.

105y
(3.3.4) = Pa (Xj,2r+l) oAy

and

> Vacer-wYizk = Ps(Xjzr+1)+aa > Va1 x (x2)*
keZ keZ

9
= Pa (Xj,2r+1) - %‘

Hence, settingt = —3/32 in equation 3.3]2, we get

1050+ 9(1— a)
Yistar+2 = Pa(Xj2rs1) — Sap 84 = Pa(Xj+14r42)

since fora = —3/32, 10% + 9(1— a) = 0. Therefore, the scheme reproduces polynomials of
degree 4 when = —3/32.

. TN 10
This last result assumes that we initialize the data sohat 1 = Pa (Xj.2k1) — 7695 and
Yj.2k = Pa (xsz) for all k € Z. Unfortunately, there is no interpolatory-goint dyadic subdivi-
sion scheme able to provide this initialization but we can get this result by using the initial data

Yj—1k = Pa (X} k) and applying first the high resolution scheme (equdtion [3.1.2)avithl as an

initialization step, since equatiops 3.1.5 and 3.1.6 will guaraytee= pa4 (xj x) whereas equa-

tion[3.1.7 will initialize the placeholders properly. The case: 1 essentially relies only on the



tetradic interpolation and discard the finer scale guesses (dyadic). It is not interpolatory however
since we only havgj 4 = Yj_1,2« and not the stronger condition o« = yj;_1x. For pratical ap-
plications, we may wish to initialize high resolution subdivision schemes with an interpolatory
subdivision scheme so that the whole process remains interpolatory. While there arpaiot4
subdivision scheme capable of interpolatings x = P4 (Xj k) INtO Yj 2k+1 = Pa (X 2k41) — %
andy; o = pa (X;j 2«) for allk € Z, there exist 5-point subdivision schemes such as the subdivision

scheme described by the next algorithm.

ALGORITHM 3.3.2. (5—point Dyadic Subdivision Scheme) For a given integer j, begin with

some initial y-values y xk € Z over dyadic numbers;x = k/2/,
1. recopy data at X, 1 o« = Xj k. Yj+1.2k =Yjk VK€ Z ;

2. extrapolate Yy 4 Using ¥ k—2,Yj k-1, Yj k Yj k+1, Yj k+2 by the formula
(3.3.5) Yik=Yjk-2—24Yj k-1t 45k — 40y ki1 + 15 kr1VK € Z;

3. interpolate midpoint value using the tetradic Deslauriers-Dubuc formula:

—7Yj k—2+ 105y K+ 35j k+2 — SYj k

ke 7.
128 vke

To see that algorithiin 3.3.2 properly initialize the placeholders, observe that if we assume that
Yak = Pa (Xix), then we only need to check that, 1 o1 = Pa (Xo41,.2c+1) — %. However,
if Y3k = Pa (Xs) is satisfied, theyy x = pa (X3 x14) since formul5 can be derived by finding
the polynomial of degree 4 satisfying p; k (x“) =y forl =k—-2,...,k+ 2 and setting

Yok = Pak (Xaks4)- Hence, by formulp 3.3/4, we have the following lemma.

LEMMA 3.3.3. Algorithm[3.3.2 describes a—point dyadic subdivisions such that when ap-
plied on y_1k = pa(Xj_1k) Where p is a polynomial of degred gives Y o1 = Pa (Xj 2k+1) —

116(15231 and ¥ o« = Pa (Xj,2k) forall k € Z.

Because we have a proper initialization scheme, we can now efficiently reproduce polynomials

of degree 4.



PROPOSITION3.3.4. For any given j, if y_1x = pa (Xj_1x) Where p is a polynomial of de-
gree4 then applying algorithrh 3.3].2 following algoritijm 3.]L.1 with= —3/32for the following
steps will guarantee thatjypk = pa (xj/’zk) for vk e Z and all | > j— 1. In other words, this

4—point high resolution subdivision algorithm reproduces polynomials of degree 4.

This result is significant because it is not possible fepéint subdivision schemes to repro-
duce polynomials of degree 4. Even if we include non-interpolatory subdivision schemes, for a
givenk € Z, yj+1 21 cannot be computed solely from the neighbouring vayi@s1, Yj k.Yj k+1.

andy; k1 while reproducing polynomials of degree 4.

PROPOSITION3.3.5. A 4—point dyadic subdivision scheme cannot reproduce polynomials of

degree 4.

PROOF. LetP4(x) = x(x—1)(x—2)(x—3) and consideyp x = P4(k). All 4—point subdivision

schemes will interpolatgy 3 = 0 # P4 (3) = . O

By the proof of proposition 3.3]5, we see that only subdivision schemes using 5 points can
interpolate polynomials of degree 4. Starting wilgx = O oVK € Z, it can be seen that in
the best possible case, a point subdivision scheme will give an interpolation function hav-
ing a support of size 8. For example, consider schemes of theyfarm = Zﬁ:_szquLk with
T5= gl 3= 33.1_1= 2,11 = 53,13 = 123 andTg = 1, Ty = O otherwise which has support
[—3,5]. On the other hand, applying the high resolution scheme described by proppsitidn 3.3.4
with the same initial datayf x = 0k o Vk € Z) leads to an interpolation function having a compact
support of size 7 taking into account the point initialization scheme. Therefore, we have a new

interpolation scheme with many of the same properties but with better local properties.

3.4. Sufficient conditions for regularity

To study the regularity of high resolution schemes, it is convenient to rewrite fofmula 3.1.2
in terms of (trigonometric) polynomials. Given some dgta, defineP!(2) = 5, _7y;Z. If
P:(2) =37 yEDzzk, then the equation of the<4oint dyadic Deslauriers-Dubuc scheme (equa-
tion[3.3.1), can be rewritteRI*1(2) = Py(2)PI(2). Similarly, if P4(2) = 3.7 YRP*Z, then the



tetradic subdivision scheme is given By (z) = P4(2)P! (). It can be shown that we can rewrite

the general equation for high resolution subdivision schemes as
j+1 i j ((g2ri/bp
PItt ) = 5 oi(2)P! (/7).
3,07 (72)
wherel’; must be Laurent polynomials and similarly for dyadic scherbes 2),
PI*(2) = 01(2)P! (Z) + D2(2P! (-2).

The equation of symbols for the—<point cubic high resolution sheme is (see equdtion 3.1.2 and

algorithm[3-1L)
iy (e e ) (pi (2) +P (—zz)) L (Pi (#) - P (—zZ))

2 2
| R@—aR () : Ps(2) —aP, (2)
= { > +0(}PJ (Z) + > Pl (-7
(3.4.1) = T1(2P (Z)+T2(2)P! (7).

BecausesP* = yRP2vk € Z, we observe thal, is not needed and everything can be written in

terms ofPy, indeed,

Py (Z) — P4 (—Z)
2

P4(2) +Pa(—2)
2

Ps(2) —aP (Z) = +(1—a)

and thus, the symbols;andl™, can be written

Fl(z) = rz(Z) +a

e = @D 0 g

Ps(2) +Ps(—2)
3 .

4

Whena = 0 (Deslauriers-Dubuc casé); (z) = M2(2) = R‘T(Z) and equatiop 3.1,.2 becomes

Pj+1(z) = P4 (2) (Pj (22) +P (_22)>

2



and it can be shown to be equivalent to the Deslauriers-Dubuc dyadic scheme by using the last

equation for averaging*1(z) andPi*1(—2),

Pitl(z) + Pitl(—2) (P4(z) - P4(—z)) (Pj (Z) +Pi (-2 )

2 - 2 2

_ (D) (Pj (Z) + P! (—22)>'

2

which can be used to prove that whenr= 0 the high resolution subdivision scheme becomes the
dyadic Deslauriers-Dubuc scheme (proposiftion 3.1.2).
In order to study the regularity and stability of the chosen high resolution schemes, we need

to find corresponding schemes for the (forward) finite differencesdket 1/21 and write

dyjk i
Djk= O 2 (Yjk+1—Yjk)

and define higher order finite differences recursively
D?,k = d(”)yJ-?k/ (de)n =d <d(”‘1)yj7k> / (de)n —2in d(”)yj,k.
Note thatD; = DJ-17k. LetH{ be the symbol fody; /dx;, then

Hiz) = EZZj (Vjkr1—Yjk) Z°
ke

= Z 2jyj7ka_1— Z ijj7kzk
keZ, keZ
= 21(1/z—1)Pl(2) =21(1-2)Pl(2) /2,

and thusP! () = 22iH) (2) /(1 - ), Pi (-2) = —22IH] (-2) /(1+ ), andPi*1(z) =
21+ 1H]*Y(2) /(1—2). Substituting these three equations iRt (z) = M1 (2)P! (2) +T2(2)P (—2)
(equatiorj 3.4/1) gives

22(1—2)
(1+2)

(3.4.2) HitY(2) = ri(zH (A) - Ma(zH) (-2).



Similarly, the higher order finite differences are given by

o =2 2u] 40 = (22 el

z

whereHp(z) = P(z) and it can be seen that they can be computed by (see derivation of equation

[3.4.2 above)

3.43)  HIT(z) = (1252) 1(2)H] (22)+(%12;Z>> r22H (-7).

Hp is said to be the symbol of a high resolution subdivision schemg#) /(1+2z) andl'2(z) /(1+
7%) are Laurent polynomiald:1(z)/(1+2)" andl2(2)/(1+ z°)" are Laurent polynomial for &
1,2,3,4 because

—(1+2*(1+2)"* (52— 122+5)

Pa(2) = 1287

ThereforeH, is the symbol of a high resolution subdivision scheme4f 1,2, 3 4.

LEMMA 3.4.1. For high resolution subdivision schemes given by algorjthm3.1.1 (or equations

3.1.2,/3.1.8, and 3.1.4), the finite differencé¥y x can be computed by a corresponding high

resolution subdivision scheme foenl, 2,3, 4.

We can definel Hrj, as the symbol of

aon-1— g (9" i) _ _dYik Pk
ik — -1 | — AN-17 9j
(dxj) (dx;)

ordHrj,( 2) = n+1( 2)/2) and thus

(3.4.4) dH! ,(2) = (1; 2) Hl L (2) =

ReplacingHn_1 by dHn_1 in equatiorj 3.4]3, we find

3.45) dHI}(z) = % { (%) ri(2dh! | (A)+ (%) Ma(z)dH] (—22)}.

And becauselHl(z) = H/

n1(Z 2)/2}, dHy_1 is the symbol of a high resolution subdivision scheme

forn=1,23,4.



Using results from Dyn{], we have the following theorem.

THEOREM 3.4.2. (Dyn) If dH, as in equatiorjs3.4l4 arid 3.4.5 is the symbol of a high res-

olution subdivision scheme converging uniformly to zero for all bounded initial data, then the

corresponding scheme P as in equafion 3.4.1"stRat is, all interpolation functions f are'C

PROOF See the proof of theorem 3/4][as it applies to high resolution subdivision schemes.

O

In general, giveryj, 1| = YkeZ Yk—1Yjk @ sufficient condition folyj x — O uniformly as
j — s thath = max—g1 {37 |Va-i|} <1, indeed, ifM;j = sup{|yj«| : k€ Z} thenMj 1 <
maX—01{Y .7 Vi|} Mj becausg/j 12 = 5, 7 Yak-2Yjk andyj 1241 = ¥y 7 Yok—2—1Y] k-
For a high resolution subdivision scheme givenyy, | = ZkeZVglkLYj,Zk+V£12k)+17|Yj,2k+1' we
proceed in the same manner. Firsgly, 1o = ZkeZyE',lkLZij,Zk+y5,2k)+172|yj72k+1 and secondly
Yi+1,241= Y7 Vgi)_2|_1yj,2k+v512k)_2| Yj2k+1. Thus ifAyr=maX—_o1 {ZkeZ ‘v(zlk)_| ) + ‘V(ZZk)+l—l ‘ }
thenM; .1 < AM; Given a symboR(z) = 3Gk, define Q(2)[lsup= SR, {|/} and[|Q(2)ll5 =
max{|ak/}. For high resolution subdivision schemes, starting With(z) = ®1(z)P} (Z) +
®,(2)P! (—22) ,we see thahyr is given by

)\H€84:6) max{)\l, )\2}

D1(2) + P1(—2) + P2(2) — P2(—2)
2

H CD]_(Z) — q31(—2) + ch(Z) + CDz(—Z)
27 2

(3.47) max{ )

J

LEMMA 3.4.3. A high resolution subdivision scheme given by the symbol equatichiZp =

and|[P4(2)[|g,p < Aur| [P (2)[ gy

®1(2)P! (22) + D2(2)P! (—22) converges uniformly to zero for all bounded initial valuesik < 1
whereAyr is as in equatioh 3.4]7.

We are now ready to prove the next theorem.

THEOREM3.4.4. For —25/56 < a < 15/32, the high resolution subdivision scheme given by

equation3.41 are €



PROOF. The symbol of the high resolution subdivision schedf® = dDJ-lyk, dH; is given

by (see equation 3.4.5)

. 2 ' _ . 2 .
anf @ =2(12,) ra@an] () +2( 2522 ) ra@anl (-2)

By theorenf 3.4]2, it is enough to show tleHD; x converges uniformly to zero for all bounded
initial data. However, using lemnja 3.4.3, we know that it is sufficient to proveMiat 1 with
®1(2) = 222T1(2)/ (14 2)? and®y(2) = 22(1—2)2T2(2)/ (1-|—22)2. We get

54 2|4a + 1| +2|7—8a| + 2|5+ 120| + |32a + 5| + [5— 8| + [240 — 7|

A =

! 64

A 5+2]4a+1|+2|3+8a|+2|1—4a|+ (21— 32a| + |1+ 8a |+ |24a + 11|

2 = :
64

For —25/56 < a < 15/32, we have\; < 1, whereas for-7/12 < a < 5/8, A2 < 1 Hence, we
have that\yr = max{A1,A2} < 1 for —25/56 < a < 15/32 or— ~ 0.45< a <~ 0.47 (see Fig.

8-4.2). [

Theorenj 3.44 is illustrated by Fig. 3.4.1 where the derivative of three interpolants are given
for a = —0.2,0,0.15. These three examples show that there are many interpolatqgint
subdivision schemes having the same properties as the corresponding Deslauriers-Dubuc scheme
(linearity, stationarity, and homogeneity) which reproduce cubic polynomials and are differen-
tiable.

Given that the algorithm converges to continuous functions, we can prove that it must be
“stable”. In general terms, an algorithRis said to be stable if for any data|R(z+6z) — R(z)| <
K|z [9].

COROLLARY 3.4.5. For —25/56 < a < 15/32, high resolution subdivision schemes are sta-
ble, that is, given|zj x — Zj k| < 8Vk € Z then|zj nx —Zj1nk| < K&k € Z for all integers n> 0

and a constant K independentaf

PROOF Assume we use any-4ooint subdivision scheme as an initialisation step on the
initial data onzjx,Zj k. For —25/56 < a < 15/32, by theorenj 3.4]4, given the initial data

Yik = doVk € Z, we get a continuousct) interpolation functiorF (x). LetM = ||F|| ., assume
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FIGURE3.4.1. Derivatives of the fundamental functionsdoe —0.2 (continuous

line), a =0 (dash-dot line), and = 0.15 (dashed line). The fundamental functions
are defined as the interpolation yfx = & by the high resolution subdivision
scheme initialized with the -4point Deslauriers-Dubuc dyadic scheme. Deriva-
tives were estimated using first-order forward finite differences after 8 iterations of
the high resolution scheme (discarding the placeholders at the last iteration). The
a = 0 case is in fact the derivative of the Deslauriers-Dubuc fundamental function.
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FIGURE 3.4.2. A\1(a) (continuous line) and(a) (dashed line) as in the proof
of theorem[3.4}4). The high resolution scheme is differentiablik =
max{A1,A2} < 1.

|2jk—Zj x| < 8Yk € Z, by linearity, the interpolation function ofj  — Zj « is given by f(x) =
Sk o (Zjx—Zjx) Fj (x—Xj ) but sinceF has compact suppofx; _3,X; 3] then||f|| - < 6MS.
It means that the values of the stable nodes are boundeesMd and 6V1d. The placeholders

must also be bounded bW 5,7 |Ya24 | (see equatioh 3.1.7). O

The author would like to thank S. Dubuc for his help in preparing the manuscript.
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